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SHEAF COHOMOLOGY THEORY FOR MEASURABLE SPACES

HipEYuki KiKucHI

Department of Mathematics, Hokkaido University
Sapporo, 060, Japan

1. Introduction

Sheaf theory was mainly applied to topology, differential geometry, algebraic ge-
ometry, and so on. For example in topolégy, it is very useful in proving theorems
such as the duaiity theorems of Poincaré, Alexander, and Lefschetz. It is important
when we Wé,nt to obtain global properties from local ones. It takes more effect when
combined with homological algebra, especially cohomology theory. For instance, co-
homology theory is used in defining characteristic classes and cohomology vanishing
theorem is useful in calculating them.

The aim in this paper is to develép a sheaf cohomology theory for a measurable
space (€,20). To each o-subalgebra B of 2 we associate an abelian group F(28) and
call the system of them o-sheaf F over (2, ). We formulate cohomology group with
coefficients in it. We treat mainly a éohomology group with coefficients in a o-sheaf
of measurable transformation group or automorphism on (§2,2(). It gives. certain
relation between the local characteristics and the global ones of transformation
group on .(Q, 2(). We show cohomology vanishing theorems with respect to it.

We state a summary of each section below.

In Section 2, we give the definition of o-sheaf which plays a role of describing

the local-global interplay. We construct two kinds of o-sheaves: one is a o-sheaf of

Key words and phrases. o-sheaf, measurable transformation group, increasing automorphism,
cohomology vanishing theorem.
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measurable transformation group and the other is a o-sheaf of integrable functions

over a finite measure space.

Section 3 constructs a cohomology group with coefficients in a o-sheaf F in the
similar way to the construction of the Cech cohomology for topological space. To
irrustlate cohomology group, we regard the o-algebra 2 and a-subalgebras of A
as the domain and its sub-domains, respectively. By a o-covering over (Q,2), we
mean a collection of o-subalgebras 2I; of 2 such that 2 = Vier2i. The cohomoiogy
group HY({24;}, F) with respect to it gives the degree of variety of the difference
between the abelian groups F(2;, N--- N2 ) and F(2A;, N--- Ny, N Yy, N

-+- N2 ), corresponding to domain 2A;, N --- N Y; , and to its neighbor domain

A, NNy, N, NN, respectively.

In Sectlon 4, we investigate a cohomology group w1th coefficients in a o-sheaf
of an a.utomorph1sm ¢:0 — Q We descnbe the local recurrence of it by the
cohomology group. The local recurrence means the occurrence that there ex1sts an
integer m such that ¢"‘A A holds for every A € 2, -N2; . In terms of
o-sheaf, this corresponds to ¢™ € F(™;, N---NY; ), where ¢ is regarded as a set
map 2 — 2A. We study in Theorem 4.1 the dif'ference between the abelian grbups
F(Ai n--- N ) and F(A;, N - Ny, N
¢™A # A for some A € Q[,-orﬂ N2, N

N2 ), nainely, whether

zk+1
'k+1 -NA;, or not. It is shown
that the existence of the nonzero element of cohomology group corresponds to the
difference. We state the structure of the O-th cohomology group H° in Theorem 4.2
and give an automorphism, named increasingvautomorphism, that the cohomology

groups become zero in Theorem 4.6 and Theorem 4.7.

As the cohomology group indicates the degree of difference of local recurrence
of automorphism among local parts of a given space, it will enable us to classify

automorphisms on measurable spaces or measure spaces by the cohomology group.

The author wants to express his gratitude to Professor Okabe for valuable advices

and warm encouragements.



2. o-Sheaf
In this section we give the definition of o-sheaf and some examples of it.

Let (2,%) be a measurable space. lA o-sheaf F over (2,) is a collection
{F(B), pe,} of abelian groups and homomorphisms which satisfies the follo;lving
conditions (C1) and (C2). “

(C1) An abelian group F (EB) corresponds to each o-subalgebra 9B of 2.

(C2) For any two o-subalgebras B and € W1th € C B, a group homomorphism
pe,s : F('B) — F(€),

called the restriction mapping, possesses the property pp,5 = idr(m) and

PoB = PD,e0 e for any triplet D C € C B of o-subalgebras.

Let F be ao- sheaf over (2, Ql) and ZB be a a-subalgebra, of 2. An element s €
.7:(‘.3) is called a sectzon of F over % For every A € 2, F(A) = F({Q,0, A Ac})
is called the stalk of F at A.

At ﬁrst we cons1der a tra,nsformatlon group on the measurable space (L, 52[)

An abelian group G is called a measurable transformation group on (Q,2) if G

acts on (Q,2), i.e., every element g € G is a bijection from § onto Q such that

(1) g and g~! are measurable.
(2) eA= A and g1(g24) = (g192)A for every A € 2 and g;,9; € G, where ¢

denotes the unit element of G.

Definition 2.1. We call the measurable space (©2,2) with such a group action @
a measurable G-space (Q,2).
We construct a o-sheaf for a measurable G-space (Q2,%2).

Example 2.2. (o-sheaf of measurable transformation group) Let (£2,2) be a mea-

surable G-space. For every o-subalgebra 9B of 2, we define an abelian group

F(B)={9€G|gA=A for every A € B}

3



and an inclusion mapping
pes: F(B) - F(€)

for g-subalgebras B and € with € C B. We call this o-sheaf a o-sheaf of measurable

transformation group G over (2,2).

We consider the case of measure spa'ce.\ A measurable mapping ¢ : (2,2, ,u) —
(9,2, 1) on a measure sl;a,ce (2,4, /,z)- is called an automorphisrﬁ if ¢ is measure-
preserving, bijective, and ¢~ is also measure-preserving. We call a class {¢;}scn
of automorphisms on (Q,?l,u)'a flow if ¢y 0 ¢ = P14 holds for ¢,5 € R and ¢y is
the identity mapping. | |

A measurable’transformation groupb G oﬁ a measure space (2,2, ) is cé,lled
a measure-preserving transformation groui) if every element 'g of G is measure-

preserving. It is an abstraétvautbllnorph‘is”m or flow on the measure spa.cé (2,2, ).

To construct a o-sheaf for an automorphism ¢, we associate a cyclic group
Gy={¢"|nez}

as a measure-preserving transformation group. The same consideration can be
applied to the case of flow. We will study the behavior of the automorphism ¢ in

terms of the cohomology group in Section 4.

Example 2.3. (The case of measure space) We may need a a-sheéf of transfor-
mation group handling the omittion of sets of measure zero. ‘We introduce the
way to take measure into consideration. Let G be a measure-preserving transfor-
mation group on a measure space (2,2, u). We define an equivalence relation on
2 by A ~ B iff y(A A B) = 0, where A A B denotes the symmetric difference
(A\B)U (B \ A). For e\.fery o-subalgebra B of 2, we set

F(B)={g€G|gA~ Afor every A € B}.
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Then we get a o-sheaf of measure-preserving transformation group G mod 0 over the
measure space (2,2, u). Of course we can also apply Example 2.2 to an arbitrary

measure space.

We introduce a o-sheaf of integrable functions.

Example 2.4. (o-sheaf of integrable functions) Let (£, %, 1) be a finite measure
space. We denote by T the class of all integrable functions on (Q,%, 1). For every
o-subalgebra B of A, we set

F(®B) ={f €T| fis B-measurable }
and define the restriction mapping

pep: fEF(B) — E(f]|C) e F(Q)

by taking the conditional expectation. We obtain a o-sheaf of integrable functions
over (,%, p).

3. Cohomology group with coefficients in o-sheaf

In this section we formulate a cohomology group with coefficients in o-sheaf in
the similar way to the Cech cohomology theory. We investigate a cohomology group

with coefficients in a o-sheaf of an automorphism in Section 4.
At first we give the definition of a covering over a measurable space (£, ).

Definition 3.1. Let (Q,2) be an arbitrary measurable space. A class {;};er of
o-subalgebras of 2 is called a o-covering of A if A = Vier &iy where the right-hand
side denotes the smallest a-algebra.. that includes {J;¢; 2. |

Similarly o-covering m'bd 0 {2;} of o-algebra 2 of a measure space (2,2, u) can
be defined by 2/ ~= Vz’e 1 &i/ ~ with an equivalence relation ~ defined in Example
2.3.



We get ready for constructing a cohomology group with respect to a o-covering,

in the same way as the Cech cohomology group with respect to an open covering.

Let {2;}icr be a o-covering of o-algebra 2 of the measurable space (Q,2) and

F a o-sheaf over (Q2,2). For each nonnegative integer ¢, we put

Sy i={Iy = (io, ++ ig) lioy o yig €I}, g, o= sy NN

iq

c{:},F) = J[ 7).

I,ex,

It is to be noted that the elements i9,---,7; of I; may overlap. Each element

o = {0iy...i,} € CI({2;}, F) is called a g-cochain of the o-covering {;}.
We define a coboundary homomorphism
b C1({2}, F) — CTH ({2}, F)
by , 3= .
q+1
{(6qa)i0"'iq+1} = {Z( 1) PA(T41),2(. +1)(Uto STL R 1q+1)}

k=0 _
where Q[(Iq'*'l) =i, N 'nmiqﬂ and 22[( +1) = A, N+ MU,y ﬂQ[,H_l -+ N2

tgt1”

We often omit writing PoU(Iq41), (1%, )"

- Lemma 3.2, §;4,06,=0, ¢=0,1,2,..-.

Proof. We assume that {Tigwigpr } = 6¢{0iy-.i, }- Then

g+2
> (-1yir, o g
j=0
q+2 q+2
k k— 1
“3 (-1 Z( P
Jj=0 k=j-+1
— k . k+j5— —
—Z("l)ﬁ- T igesiporeijorvigyn +Z("'1) + 10’,‘0...{,-...;‘,‘...,'”2 =0,
k<j i<k

where i; means that we omit this index 1. O

Now we formulate a cohomology group with respect to a o-covering,.



Definition 3.3. Let {2l;} be a o-covering of 2 and F a o-sheaf over (Q,2). We
define the class of cocycles Z9({2;},F) by

2942}, F) = {o € Ca({2:}, )léyo =0}
and the class of coboundaries Bi({%;}, F) by |
BI{%}, F) := 5q_1(cé;1({m,-},f)), ifg>1, and B°({%},7F):=0.

Since it follows from Lemma 3.2 that BI({2;},F) is a subgroup of Z9({2;}, F),

we can define a quotient group
Hi({2:}, F) = Z({2:}, 7)/ BT ({2}, F),
called a cohomology group with coefficients in F with respect to {2;}.

To define a cohomology group for the measurable space (£2,2!), we don’t use an
inductive limit with respect to the refinement of Covering. It is due to the difference

of structures between measurable spaces and topological spaces.
Definition 3.4. We define a cohomology group of 2 with coefficients in F by the
direct product of cohomology groups of all o-coverings of :

CHI,F) =[] B}, 5).
{2}

4. Cohomology group of measurable transformation group and some

cohomology vanishing theorems

In this section we state some results concerning the cohomology group with
coefficients in o-sheaf of measurabie or measure-preserving transformation group.
We state the significance of cohomology group of automorphism. Cohomology
group of automorphism is related to the orbit structure of automorphism, especially

recurrence.



Let {21} be a o-covering of 2. We consider a o-sheaf F of an automorphism ¢
on a meast ;e space (2,2, 1) and regard the ¢ as a set map ¢ : A — A. We study
certain connection between the recurrence of ¢ with respect to a domain &%; N---nN
2l,, and the one with respect to its neighbor domain AioN---NA;,_ NAi 002, .
Cohomology group H?({2;},F) reflects fhe recurrence of an automorphism ¢ as a
set map, with respect to a decomposition {2;} of 2. Of course it depends on the

choice of o-covering {2;}.

We denote by {¢’"(-"°"" i)} a g-cochain with respect to the o-sheaf F, where m
is a function from [[{, Iy (I := I) into Z and g™lier+ia) € F(2; N --- N2 ).

Theorem 4.1. Let ¢ be an automorphism on a measure space (2,2, 1), {Ui}ier

a a-covéring of A, and F a o-sheaf of Gy. If there exists a nonzero element
[¢n§(io,--- ,iq)] € H‘I({Qli},}')

with a represéntative element {¢m(i°""'i§)} € .Zq({ﬁ,-},‘f) (g 2 1), then for every
k € I there exists a (jo, - jg—1) € Sy such that $mUorde-1h) ¢ F(2;, N
N2 _,), that is, ¢™Uorsde=14%) has difference of recurrence between AisN---n
Aj,_, NA and Aj, N---NAj ..

Proof. We take and fix an arbitrary index k € I. Suppose that g™ liorsie-1.k)
F(™;oN---n2A;, ) for every (4o, -+ ,ig—1) € Tg—1. Then we define a (¢—1)-cochain

{grlioris-)} € 03 ({26}, 7)
by ¢>"("°"" g=1) = ¢('1)qm(i°"" de-1,F)  Since {¢m("°""l"'4)} is a g-cocycle, ‘
gmlior-ia) _ (=1)F{pm ik _ gmiosize-iiek) 4 ... 4 (=1)7gm o sia-1,0)}
| = gnliniie) _ gnliosiasie) ... 4 (=1)9gntior ig-1)
_ = (8g-1{™ 0 Do,

for every (%0,--,i,) € X,. Hence {¢™lior+i)} € BI({2;},F). This contradicts

our assumption. 0O



The order of cohomology group of =ntomorphism indicates and me=sures t‘he
variety of behavior of the automorphism ¢. If the cohomology group H?({%;},F)
doesn’t vanish for lé.rge intégér g, then‘qS has different recurrence around the inter-
sections 2, N---NA;, of many domains 2A; of o-covering and hence the behaviors
of ¢ on each ; are various. If H9({2;},F) = 0 for all ¢ > 1, the behaviors of ¢ on
each %; are alike each other. -

We show the structure of 0-th cohomology group H°.

Theorem 4.2. Let (,2) be a measurable G-space and F a o-sheaf of G. Then
HO({2;}, F) ~ F(A) holds for every o-covering {2;} of .

Proof. We define a homomorphism f : F(A) — C°({2;}, F) by
g € F(A) = {pma(9)} € C°({2:}, 7).

Since §of = 0, we can regard f as a mapping from F(2) into HO({2:},F). At
first, we show that f is injective. For two elements g; and go of F(2), suppose
that pa; 2a(g1) = pg;,g(gg)v holds for every ¢ € I. Then siﬁce p is an inclusion
mapping, gl = go. Hence f is injective. We show the surjectiveness. For every
o € H({;}, F), there exists an g,re G such that goA = A for every A € User 2.
Since :

Mm={Aec\/ 2%|g,A=A4)}
' : - i€l :
is a o-algebra including | J;c; i, MM = V/;; 2 holds. Hence g, € F(V;c; i) and

f is surjective. This completes the proof. O

We can obtain the same result as above for a o-sheaf of G mod 0. In the case of
general o-sheaf F, the cohomology group H°({2;}, F) isn’t always isomorphic to
Corollary 4.3. Let (Q,2) be a measurable G-space and F a o-sheaf of G, and
{20} a o-covering of 2. Then if the order of H®({2;},F) is finite, it equals to the

number of automorphisms g € G such that gA = A holds for every A € 2.

9



‘The proof follows immediately from Theorem 4.2.

Next we shall show automorphisms whose cohomology groups vanish.

Lemma 4.4. Let ¢ be an automorphism on a measure space (£, %, u) and F a

o-sheaf of Gy mod 0. For every o-subalgebra B of 2, we have

F(\] 68) = ().

n=0
Proof. We take an arbitrary g € F(%8) and prove that g € F(Voro $™B). Note
that
F(B) = F(4%) = - = F(¢"®)

and gA ~ A holds for every A € |, ¢"B. We show that

m={ae\/ 6" B | gA ~ A}

n=0

is a o-algebra. It is clear that 0,0 € M. If A€ M holds, then
H(A® & A%) = p((gA7 \ A7) U (4°\ g49)
=u((94° N A) U (4° N gA)) = u((4 N (94)%) U (gAN 4°))
=#(4\ 94) U4\ 4)) = u(gA A 4) =0,

and hence A € 9.
Suppose that A;, Az, , 4, - € 931' then

g(UA AU-‘l)—#((g(UA)\UA)U(UA \g(UA

i=1 _ i=1 i=1 i=1 i=1

—#(g(UA)\UA)Ht(UA \g(UA))

i=1
Since

9<UA \UA)— g(UA)n(UA> )—#(g(UA)ﬂ(ﬂA°))
=u(Joarr ()4 < > hloin (49 £ 3 uloen 49)
=3 oA\ 4)

10



and

u(U A; \g(U A)) = u(U(A \g(U A))) £ Z#(A \g(U A)) S Zu(A \o4)

i=1 i=1 ) i=1 i=1 i=1 =1
it holds that ‘
=) oo
wo(J 4y Al 4
=1 i=1

s Z(#(gAi VA + (A \ g4)) S 3 ((94:\ 4)) U (4 \ 942)

=Z/,L(gA,' AA,') =0

i=1

which concludes that | Ji2, 4; € 9. Hence M is a o-algebra and M = \/2
Therefore g € F(\/ oo

P"B.

n=0

¢"B) holds. This completes the proof. [

n=0

Definition 4.5. An automorphism ¢ on a measure space (§2,%, u) is called a in-
creasing automorphism if there exists a o-subalgebra £ of 2 such that
ARG ¢R and \/ ¢"8/ ~=2/ ~,

n=0

where ~ is an equivalence relation defined in Example 2.3. It is to be noted that
{#*A} is a o-covering mod 0 of .
An increasing automorphism ¢ on a probability space (2,2, P) satisfying that
o0
(¢ "8/ ~={Ae2|P(A)=00r1}

n=0

is called a Kolmogorov automorphism.‘

Theorem 4.6. Let ¢ be an increasing automorphism on a measure space (2,2, u)

and F a o-sheaf of G4 mod 0. Then H°({2;},F) = 0 for every o-covering {2;}.

Proof. By Theorem 4.2 and Lemma 4.4,

H({2}, F) =« F() = F(\/ ¢"8) = F(A).

The.increasing property & G ¢& implies that F(£) = {id.}, because if ¢™A = A
for every A€ & (m > 0) then ¢™K = &, which contradicts that & G ™R, Hence
H°({2;},F) = 0 holds. This completes the proof. O

11



Theorem 4.7. Let ¢ be an increasing automorphism on a measure space (Q,2, p)

and F a q-sheéf of G4 mod 0. Then we obtain
Hi({¢'R}, F) - 0, ¢>1
Proof. Since it follows from the increasing propert}\rbof @ that(
F@PRN- 01 $18) = F(gmintior il g) = F(8) = (id)
for every (4o, ,i4) € Xy, we find

Ci({¢'a},F) = [[ F(¢°&n---n¢g)

IeX, . B o
— H f-(¢min{io,~--,iq}ﬁ)
I,G;% Y 7
=[] #F®= ] {id}=o.
1,ex, Lex;

Hence we obtain Hq({¢"ﬁ}‘,;7-') =0. O

REFERENCES

1. G. E. Bredon, Sheuf theory, McGraw-Hill, New York, 1965.

2. R. G. Swan, The theory of sheaves, University of Chicago Press, 1964.

3. B. Iversen, Cohomology of sheaves, Springer, 1986.

4. L. Vaisman, Cohomology and Differential forms, Mércel Dekker, Inc., NeQ York, 1973.

5. W. Y. Hsiang, Cohomology Theory of prological Transformation Groups, Springer, 1975.

6. C. Allday and V. Puppe, Cohomological Méthod.; in Transformatz;on Gr&upé, Cambridge Uni-
versity Press, 1993.

7. J. Dieudonné, A History of Algebraic and Differential Topology 1900-1960, Birkhauser Boston,
1989. |

8. P. Billingsley, Probability and Measure, John Wiiey and Sons, Inc., 1979.

9. H. Bauer, Probability theory and elements of measure theory, Academic Press, 1981.

10. P. Walters, An Introduction to Ergodic Theory, Springer, 1982.

12



